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Abstract
Infinitesimal holomorphic realizations for the Schro¨dinger-Weil rep-
resentation and the discrete series representations of the Jacobi group
are constructed. Explicit expressions of the basic differential operators
are obtained. The squeezed states for the unitary irreducible repre-
sentation of the Jacobi group are introduced. Matrix elements of the
squeezed operators, expectation values of polynomial operators in in-
finitesimal generators of the Jacobi group, the squeezing region and a
description of Mandel’s parameter are presented.
1 Introduction
The Jacobi group GJn is the semidirect product of the symplectic group
Sp(n,R) with an appropriate Heisenberg group [1, 2, 3]. In [4, 5, 6] we
have considered the Perelomov coherent states and the squeezed states for
the Jacobi group. The representation theory of the Jacobi group has been
constructed in [2, 3, 7, 8, 9] with relevant topics: Schro¨dinger-Weil and
metaplectic subrepresentations, classification and realizations of irreducible
unitary representations over local fields, holomorphic Jacobi forms and au-
tomorphic representations, symplectic orbits, Whittaker models, Hecke and
generalized Kac-Moody algebras, L-functions and modular forms, spherical
functions, and the ring of invariant differential operators.
In section 2.1 we review briefly some basic facts about the Jacobi group
GJ = GJ1 . We realize the infinitesimal generators of G
J in terms of boson
operators and standard infinitesimal generators of the symplectic group.
In section 2.2 we construct infinitesimal holomorphic realizations for the
Schro¨dinger-Weil representation and the discrete series representations. In
section 3 we introduce appropriate squeezed states for these representations.
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2 Unitary representations of the Jacobi group
2.1 The fundamental principle
The real Jacobi group GJ is a subgroup of the symplectic group Sp(2,R)
consisting of 4× 4 real matrices g = ((λ, µ, κ) ,M) of the form
g =


a 0 b aµ− bλ
λ 1 µ κ
c 0 d cµ− dλ
0 0 0 1

 , M =
(
a b
c d
)
, ad− bc = 1, (1)
where (λ, µ, κ) ∈ H(R) and M ∈ SL(2,R) [2]. Here H(R) is the three-
dimensional real Heisenberg group and SL(2,R) =Sp(1,R) is the special
linear group. Then GJ is the semidirect product of H(R) with SL(2,R).
Let 〈X1, ...,Xn〉F denote the Lie algebra over F with the basis elements
X1, ...,Xn. We denote by R, C, Z, and N the field of real numbers, the field of
complex numbers, the ring of integers, and the set of non-negative integers,
respectively. The Lie algebras of GJ , H(R), and SL(2,R) are denoted by
gJ = 〈P,Q,R,F,G,H〉
R
, h = 〈P,Q,R〉
R
, sl(2,R) = 〈F,G,H〉
R
, respectively.
P, Q, R, F, G, H are 4× 4 matrices of coefficients Fij = δi1δj3, Gij = δi3δj1,
Hij = δi1δj1−δi3δj3, Pij = δi2δj1−δi3δj4, Qij = δi1δj4+δi2δj3, Rij = δi2δj4,
where i, j = 1, 2, 3, 4. We get the commutators [2]
[P,Q] = 2R, [F,G] = H, [H,F] = 2F, [G,H] = 2G, (2)
[P,F] = Q, [Q,G] = P, [P,H] = P, [H,Q] = Q,
all other are zero. The center of GJ , consisting of all (0, 0, κ) ∈ H(R), is
thus isomorphic to R. Every non-trivial central character ψ of index m ∈ R
can be obtained as ψ((0, 0, κ)) = exp(2piimκ), where (0, 0, κ) ∈ H(R).
Let pi an unitary irreducible representation of GJ of nonzero index m on
a complex separable Hilbert space H. Let pˆi be the derived representation
of pi and let D be the space of smooth vectors. Denote X = pˆi(X) for any
X ∈ gJ . Then pˆi (R) = iµI, where µ = 2pim and I is the identity operator.
We now introduce the following operators in the complexification pˆi(gJ
C
) of
pˆi(gJ):
a =
1
2
√
|µ| (P − iσQ) , a
† = − 1
2
√
|µ| (P + iσQ) , (3)
K± = ∓1
2
H − iσ
2
(F +G) , K0 =
iσ
2
(G− F ) ,
where σ = µ/ |µ|. Using (2) and X† = −X for X ∈ pˆi(gJ), we obtain
Proposition 1. pˆi(gJ
C
) =
〈
I, a, a†,K+,K−,K0
〉
C
with
(
a†
)†
= a,
K†± = K∓, [a,K+] = a
†, [K−, a] = 0, 2 [a,K0] = a, and
[a, a†] = I, [K0,K±] = ±K± , [K−,K+] = 2K0. (4)
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Then pˆi(sl(2,R)) = 〈K0,K1,K2〉R, where K± = K1 ± iK2. Consider the
following operators in the universal enveloping algebra U(pˆi(gJ
C
)) [2]:
W− = K− − 1
2
a2, W+ = K+ − 1
2
(a†)2, W0 = K0 − 1
2
a†a− 1
4
I. (5)
We have [W0,W±] = ±W±, [W−,W+] = 2W0, W †± = W∓ and [a,Wσ ] = 0,
where σ = 0,+,− . Let w = 〈W0,W1,W2〉R, where W± = W1 ± iW2. The
Casimir operator of w ≃ sl(2,R) is defined by C = W 20 −W 21− W 22 . The
metaplectic group Mp(2,R) is the non-split two-fold cover of SL(2,R).
Using the Lie algebra w, the representation theory of GJ may be fully
reduced to Waldspurger’s representation theory of Mp(2,R) [2, 10]. The
Stone-von Neumann theorem and the method of Mackey for semidirect prod-
ucts lead us to the fundamental principle in the representation theory of the
Jacobi group [2]:
Any representation pi of GJ with indexm 6= 0 is obtained in a unique way
as pi = pimSW⊗ p˜i, where the Schro¨dinger-Weil representation pimSW is a certain
projective representation of GJ and p˜i is a representation of the metaplectic
groupMp(2,R) (considered as a projective representation of SL(2,R)). The
representations pi and p˜i are simultaneously unitary, and irreducible.
The irreducible unitary representation pi of GJ of index m 6= 0 are
infinitesimally equivalent to the principal series representations pˆimsν for
s ∈ iR ∪ (−1/2, 1/2), ν = ±1/2, with C = (s2 − 1)/4, or to the positive
and negative discrete series representations pˆi±mk for k ∈ Z, k ≥ 1, with
C = (k− 1/2)(k − 5/2)/4 [2]. Here 2K0 has the integral dominants weights
k for pˆi+mk and 1− k for pˆi−mk.
Standard models of the preceding representations are presented in [2].
Let L2hol(M, ν) denote the complex Hilbert space of all C-valued holomor-
phic functions on the complex manifoldM which are square-integrable with
respect to the measure ν. Consider the upper half-plane H of all τ ∈ C with
ℑτ > 0. Suppose k > 3/2 and m 6= 0. Then there is an irreducible uni-
tary representation pimk on L
2
hol(C×H, µmk) with the Petersson measure
dµmk = exp
(−4pimy2/v) vk−3d2z d2τ , where y = ℑz and v = ℑτ [2, 7, 9].
For any f ∈ L2hol(C×H, µmk) and g = ((λ, µ, κ) ,M) ∈ GJ , we have
pimk(g
−1)f(z, τ) = (cτ + d)−k exp [2piim (κ+ θ)] f (zg, τg) , (6)
where (z, τ) ∈ C×H, zg = (cτ + d)−1(z + λτ + µ), τg = (cτ + d)−1(aτ + b),
and θ = λz + (λzg − cz2g)(cτ + d). The Jacobi forms [1] are associated with
pimk provided the index m and the weight k are positive integers. pimk can
also be used to produce bases for signal processing, continuous windowed
Fourier and wavelet transforms [11]. The group GJ is unimodular. The
representation pimk is square-integrable modulo the center of G
J . Then pimk
is a Perelomov coherent state representation based on C×H [11]. Let D be
the open disk of the points w ∈ C with |w| < 1. The manifolds C×H and
3
C× D can be biholomorphically identified by a partial Cayley transform [2].
Then there is an irreducible unitary representation ρmk on L
2
hol(C× D, νmk)
which is unitarily equivalent to pimk [2, 7].
2.2 Infinitesimal representations
2.2.1 Holomorphic realizations
Although it is a non-reductive algebraic group, GJ can be considered as
a group of Harish-Chandra type [2]. Then the complexification of pˆi(gJ)
is the direct sum of vector spaces pˆi(gJ
C
) = p+ + t+ p− with p− = p
†
+,[
t, p±
] ⊂ p± , where p+ = 〈a†,K+〉C, and t = 〈I,K0〉C. Consider the
universal enveloping algebra U(p+) and the linearly independent elements
X1, . . . ,Xn ∈ U(p+). We now introduce a holomorphic family of elements
Ez = exp(z1X1 + · · · + znXn), where z = (z1, . . . , zn) ∈ Ω and Ω is an
open subset of Cn. Suppose that there exists a cyclic vector Φ0 ∈ D with
p−Φ0 = {0}, tΦ0 = 〈Φ0〉C and ‖Φ0‖ = 1. This assumption is supported by
[2]. Consider now the holomorphic vectors Φz = EzΦ0, where z ∈ Ω.
The map T : H → Hhol(Ω) is defined by T (ϕ) (z) = 〈Φz¯, ϕ〉, ϕ ∈ H,
z ∈Ω, where Hhol(Ω) is the space of all C-valued holomorphic functions on
Ω. Consider an inner product on T (H) such that T is unitary. We will
to obtain an infinitesimal irreducible unitary representation T pˆiT−1on T (H)
and the explicit form of the corresponding basis differential operators. Let
Φαwτ = exp(αa
† +
w
2
a†2 + τW+)Φ0, (7)
and Ψαwτ = ‖Φαwτ‖−1Φαwτ . Then the Bargmann coherent states [12], the
SL(2,R) coherent states [12], and the Perelomov coherent states for GJ [4]
are realized by the holomorphic vectors Ψα00 with α ∈ C, Ψ00τ with τ ∈ C,
and Ψαww with (α,w) ∈ C×D, respectively.
2.2.2 Schro¨dinger-Weil representation of GJ
LetH = L2(R) = H0 with the Schwartz space D = S(R) [2]. Let pi = pimSW be
the Schro¨dinger-Weil representation of GJ . The basis differential operators
of pˆimSW(g
J) can be written as [2]:
P =
d
dq
, Q = 2iµq, R = iµI, F = iµq2, G =
i
4µ
d2
dq2
, H = q
d
dq
+
1
2
I. (8)
Then 2K− = a
2. In quantum mechanics, ~ = (2µ2)−1 is the Plank con-
stant, q is the position operator, p= −i~d/dq is the momentum operator,
and a and a† are the Fock annihilation and creation operators, respec-
tively [12]. The vacuum vector ϕ0 = (2 |µ| /pi)1/4 exp
(− |µ|x2) and the
number vectors ϕn = (n!)
−1/2(a†)nϕ0, where n ∈ N, form a complete or-
thonormal basis of analytic vectors for the Hilbert space H0. Consider the
4
map TB(ϕ) : H0 → Hhol(C) defined by TB(ϕ) (α) = 〈Φα¯00, ϕ〉, ϕ ∈ H0,
α ∈ C, where Φ0 = ϕ0. The polynomials fBn = TB(ϕn), defined by
fBn(z) = (n!)
−1/2zn, where n ∈ N, form a complete orthonormal basis
of analytic vectors in the Hilbert space TB(H0) = L2hol(C, µB) with the
Bargmann measure given by dµB = pi
−1 exp
(
− |z|2
)
d2z. The geometric
quantization of pimSW and piB = TBpi
m
SWT
−1
B is presented in [13]. Consider
now the map T0 : H0 → Hhol(C×D) defined by T0(ϕ) (α,w) = 〈Φα¯w¯0, ϕ〉,
ϕ ∈ H0, (α,w) ∈ C×D, where Φ0 = ϕ0. The polynomials fn = T0(ϕn),
where n ∈ N, form a complete orthonormal basis of analytic vectors for the
Hilbert space T0(H0). We have
Proposition2. a) The generating function of the polynomials fn can be
written as
TB(Φαw0)(z) = exp
(
αz +
1
2
wz2
)
=
∑
n≥0
zn√
n!
fn(α,w). (9)
b) Any solution f ∈ Hhol(C×D) of the equation
(
∂2/∂α2 − 2∂/∂w) f = 0
can be written as f =
∑
n≥0 cnfn, where cn ∈ C. The map T0 is non-
surjective.
c) Let pi0 = T0pi
m
SWT
−1
0 . The basis differential operators can be expressed as
pˆi0(a) =
∂
∂α
, pˆi0(K−) =
∂
∂w
, pˆi0(K0) =
1
4
+
α
2
∂
∂α
+ w
∂
∂w
, (10)
pˆi0(a
†) = α+ w
∂
∂α
, pˆi0(K+) =
1
2
α2 +
w
2
+ αw
∂
∂w
+ w2
∂
∂w
.
The Schro¨dinger-Weil representation pimSW, the Bargmann representation
piB, and the coherent state representation pi0 of G
Jare unitarily equivalent.
2.2.3 Discrete series representations
Let k > 1/2. Using Waldspurger’s representation theory ofMp(2,R) [2, 10]
and [14], we consider the infinitesimal representations pˆik of the positive
discrete series on the Hilbert spaceHk characterized by the normalized cyclic
vector φ0 and the complete orthonormal basis φ
[k]
n′n, where n, n
′ ∈ N, with
aφ0 = 0, K−φ0 = 0, 2K0φ0 = kφ0, and φ
[k]
n′n = C
[k]
n′n(a
†)n
′
(W+)
n φ0. Here
C
[k]
n′n = [n!n
′!(k − 1/2)n]−1/2 with (x)n = Γ(n + x)/Γ(x). Consider now the
map Tk(ϕ) : Hk → Hhol(C) defined by Tk(ϕ) (z, ζ) =
〈
Φz¯0ζ¯ , ϕ
〉
, ϕ ∈ Hk,
where Φ0 = φ0 and z, ζ ∈ C with |ζ| < 1.
The polynomials f
[k]
n′n = Tk(φ
[k]
n′n), where n, n
′ ∈ N, form a complete
orthonormal basis of analytic vectors for the Hilbert space Tk(Hk). Here
f
[k]
n′n (z, ζ) = D
[k]
n′nz
n′ζn, where D
[k]
n′n = (n!n
′!)−1/2(k − 1/2) 1/2n . Consider
5
σˆk = TkpˆikT
−1
k . The basis differential operators can be written as
σˆk(a) =
∂
∂z
, σˆk(a
†) = z, σˆk(K0) =
k
2
+
1
2
z
∂
∂z
+ ζ
∂
∂ζ
, (11)
σˆk(K−) =
1
2
∂2
∂z2
+
∂
∂ζ
, σˆk(K+) =
z2
2
+ (k − 1
2
)ζ + ζ2
∂
∂ζ
.
Let dµk = (k − 3/2)pi−2 exp
(
− |z|2
)
(1 − |ζ|2)k−5/2d2z d2ζ. If k > 3/2,
then Tk(Hk) = L2hol(C ×D, µk).There is an analytic continuation of pˆik in
the limit k → 3/2 .
3 Squeezed states for the Jacobi group
3.1 Matrix elements
We consider the squeezed operator T (α,w) = D (α)S (w) for GJ , where the
displacement operator D (α) and the the squeezed operator S (w) are unitary
operators defined by [12]:
D(α) = exp(αa† − α¯a) = exp(−1
2
|α|2) exp(αa†) exp(−α¯a), (12)
S (w) = exp(wK+) exp(ηK0) exp(−w¯K−), (13)
where α ∈ C, w ∈ C, |w| < 1, and η = ln(1 − |w|2). The matrix elements
of D(α) are given by Schwinger’s formula in terms of Laguerre polynomials
[12]. The matrix elements of S (w) for the Schro¨dinger-Weil representation
can be written as associated Legendre functions [12]. Moreover, the matrix
elements of S (w) for discrete series representations of GJcan be expressed
in terms of hypergeometric polynomials [14]:
〈
φ
[k]
0n′
∣∣∣S (w) ∣∣∣φ[k]0n〉= λknwsλkn′s!
(
1− |w|2)hF (−n,s+ n+ 2h; s + 1;|w|2) , (14)
where n, n′ ∈ N, k > 1/2, h = (2k− 1)/4, λkc = [c!Γ(2h+ c)/Γ(2h)]−1/2 for
c = n, n′, and s = n′ − n ≥ 0.
We now introduce the squeezed state vectors T (α,w)ϕ for the Jacobi
group GJ , where ϕ ∈ D and ‖ϕ‖ = 1. The standard coherent states,
squeezed states, displaced number states, squeezed number states, and dis-
placed squeezed number states [15] are realized by T (α, 0)ϕ0, T (0, w)ϕ0,
T (α, 0)ϕn, T (0, w)ϕn, and T (α,w)ϕn, respectively [15]. The squeezed states
for GJ can be in particular the coherent states introduced by Schro¨dinger
[16], the squeezed states considered by Kennard [17], and the displaced
squeezed number states of Husimi [18].
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We now introduce the notation Aˆ = S (−w)D (−α)AD (α)S (w) and
r = (1− |w|2)−1/2. We obtain aˆ = (â†)† = r (a+ wa†)+ αI and
Kˆ− = Kˆ
†
+ = r
2
(
K− + 2wK0 + w
2K+
)
+ rα
(
a+ wa†
)
+
α2
2
I,
Kˆ0 = r
2
[
w¯K− +
(
1 + |w|2)K0 + wK+]+ rℜα(a† + w¯a)+ |α|2
2
I.
If A = a†nKm+K
s
0K
m′
− a
n′ , then Aˆ = aˆ†nKˆm+ Kˆ
s
0Kˆ
m′
− aˆ
n′ . Using the preceding
results, we can obtain the expectation values of any polynomial operator in
infinitesimal generators of GJ .
3.2 Uncertainty relations
Consider the Schro¨dinger inequality [19] σAAσBB ≥ σ2AB + |〈[A,B]〉|2 /4 for
the selfadjoint operators A and B , where σAB = 〈AB +BA〉 /2 − 〈A〉 〈B〉
and σCC =
〈
C2
〉−〈C〉2 for C = A,B. Here 〈 〉 means the expectation value
with respect to the state vector Φ ∈ D. Consider now Φ = T (α,w)ϕn or
Φ = T (α,w)φ
[k]
nn′ . Let u± = r
2 (1± w) (1± w¯) and n0 = n+1/2. We obtain
σqq = n0~u+, σpp = n0~u−, and σpq = 2n0~r
2ℑw.
We have σqqσpp = σ
2
pq + ~
2/4 for the squeezed states T (α,w)ϕ0 and
T (α,w)φ0. Moreover, σqqσpp = ~
2/4 for the coherent states T (α, 0)ϕ0 and
T (α, 0)φ0. Evidently,
√
σqqσpp ≥ n0~, and we have squeezing in the region
2n0u+ < 1, described by the open disk |(2n0 + 1)w + 2n0| < 1, w ∈ C.
3.3 Mandel’s parameter
Consider the Mandel parameter Q =
〈
(∆N)2
〉
/ 〈N〉 − 1, where N = a†a is
the number operator. We obtain
Q (α.w) =
(4n0
2 + 3)|w|2 + 4n0|αw¯ + α¯|2(1− |w|2)
2n0(1− |w|4) + (2|α|2 − 1) (1− |w|2)2 − 1. (15)
We have Q (α, 0) = n
(
2|α|2 − 1) (n+ |α|2)−1. Then Q (α, 0) = 0 for n = 0
or |α| = 1/√2 . Moreover, Q (0, w) = 0 for
|w|2 = 1
2 (2n0 + 1)
(√
16n40 + 24n
2
0 − 3− 4n20 − 1
)
. (16)
The preceding formulas are compatible with [20, 21, 15].
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